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Abstract. Consider a sequence {Xi(0)}™ =1 of i.i.d. random variables. As- 
sociate to each Xj(0) an independent mean-one Poisson clock. Every time 
a clock rings replace that X -variable by an independent copy and restart 
the clock. In this way, we obtain i.i.d. stationary processes {^i(t)}t>o 
[i = 1, 2, • • •) whose invariant distribution is the law v of Xi(0). 

|Benj amini et al. (2003 introduced the dynamical walk S n (t) = Xi (t) + 
■ ■ ■ + X n (t) , and proved among other things that the LIL holds for n >-> 
S n (t) for all t. In other words, the LIL is dynamically stable. Subse- 
quently 2004b , we showed that in the case that the X;(0)'s are standard 
normal, the classical integral test is not dynamically stable. 

Presently, we study the set of times t when n i-» S n (t) exceeds a given 
envelope infinitely often. Our analysis is made possible thanks to a con- 
nection to the Kolmogorov e-entropy. When used in conjunction with the 
invariance principle of this paper, this connection has other interesting 
by-products some of which we relate. 

We prove also that the infinite-dimensional process t ^ S\ nt \(t)/«/ri 
converges weakly in 1])) to the Ornstein-Uhlenbeck process in 

W([0, 1]). For this we assume only that the increments have mean zero 
and variance one. 

In addition, we extend a result of Benjamini et al. (2003 by proving 
that if the Xj(0)'s are lattice, mean-zero variance-one, and possess 2 + e 
finite absolute moments for some e > 0, then the recurrence of the origin 
is dynamically stable. To prove this we derive a gambler's ruin estimate 
that is valid for all lattice random walks that have mean zero and finite 
variance. We believe the latter may be of independent interest. 



Date: September 20, 2004. 

1991 Mathematics Subject Classification. 60J25, 60J05, 60Fxx, 28A78, 28C20. 
Key words and phrases. Dynamical walks, Hausdorff dimension, Kolmogorov e-entropy, 
gambler's ruin, upper functions, the Ornstein-Uhlenbeck process in Wiener space. 
The research of D. Kh. is partially supported by a grant from the NSF. 

1 



2 



Contents 



1 . Introduction and Main Results! 2 

2. On the Kolmogqrov g-Entrop\i 6 

2.1. A^-Polar Sets! 6 

2.2. Relation to Minkowski Contents! 7 

2.3. Relation to Minkowski and Packing Dimensions! 7 

2.4. An Application to Stable Processed 10 

3 . Proof of Theorem OT 11 

4. Proofs of Theore ms |2~T1 12751 and[T7TJ and Remarks EO and Wl\ 14 

5. Proof of Theorem II A 17 

IS. 1 . Background on Semi-MartingalesJ 18 

5.2. ProofofPi -opositionl5.il 19 

15.3. Tightness! 21 

5.4. Proof of Theore m fj~l 22 

6. Proof of Theorem [TBI 23 

7. Proof of Theoremll.5l 26 

8. Applications to the OU Process on Classical Wiener Spaed 28 

9. Concluding Remarks and Open Problems! 29 
References! 30 



1. Introduction and Main Results 

Let {£j}°° k=Q denote a double-array of i.i.d. real-valued random variables 
with common distribution v. Also let {^i/^i denote a sequence of rate- 
one Poisson clocks that are totally independent from themselves as well 
as the <fs. If the jump times of ^„ are denoted by = r n (0) < r„(l) < 
r n (2) < • • • , then we define the discrete-time function-valued process X — 
{X n (t); t > 0}£° =1 as follows: For all n > 1. 

(1.1) X n (t)=£, ifr n (fe) <t <T n (k + l). 

For every n > 1, X n is the random step function which starts, at time 
zero, at the value Then it proceeds iteratively by replacing its previous 
value by an independent copy every time the clock %, rings. As a process 
indexed by t, t h-> (Xi(t),X 2 (t), . . .) is a stationary Markov process in R°°, 
and its invariant measure is v°° . 

The dynamical walk corresponding to the A"'s is the random field 

(1.2) S n (t) =X 1 (t) + ---+ X n (t), t > 0, n > 1. 

One can think of the ensuing object in different ways. We take the follow- 
ing points of view interchangeably: 

(1) Foragivent > 0, {S n (t)}™ =1 is a classical random walk with increment- 
distribution v. 

(2) For a given n > 1, {S n (t)} t >o is a right-continuous stationary Markov 
process in R whose invariant measure is v * • • ■ * v [n times). 

(3) The process {5 , n ( )}^L 1 is a random walk with values in the Skoro- 
hod space 0([O,1]). 
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(4) The R°° -valued process t i-> (5i(t), 52 (i), ■ ■ ■) is right-continuous, 
stationary, and Markov. Moreover, its invariant measure is the evo- 
lution law of a classical random walk with increment-distribution 
v. 

Dynamical walks were introduced recently by I. Benjamini, O. Haggstrom, 
Y. Peres, and J. Steif 120031 who posed the following question: 

Which a. s. -properties of the classical random walk \v\ 
t 1 ' 3 ) hold simultaneously for all t £ [0, 1]? 

Random-walk properties that satisfy 11.31 are called dynamically stable; 
all others are called dynamically sensitive. This definition was introduced 
by Benjamini et al. (2003| who proved, among many other things, that if 
J_ x 2 v(dx) is finite then: 

(1.4) The law of the iterated logarithm is dynamically stable. 

In order to write this out properly, let us assume, without loss of general- 
ity, that J xu(dx) = and J x 2 v{dx) = 1. For any non-decreasing measur- 
able function H : R + — ► R + define 

(1.5) A H = {t e [0, 1] : 5„(<) > H{n)y/7i infinitely often [n]} . 

In words, A H denotes the set of times t e [0, 1] when H(n)^/n fails to be in 
the upper class [in the sense of P. Levy] of the process {S n (t)}^ =1 . Accord- 
ing to the Hewitt-Savage zero-one law, the event {A H ^ 0} has probability 
zero or one. 

Now set H(n) = y/2c In Inn. Then, dynamical stability of the LIL 11.41 is 
equivalent to the statement that A H = a.s. if c > 1, whereas A H = [0, 1] 
a.s. if c < 1. After ignoring a null set, we can write this in the following 
more conventional form: 

(1.6) limsup 5 " (f) = = l, v te[0,l]. 

n^oo v2nlnlnn 

Despite this, in the case that v is standard normal, we have: 

The characterization of the upper class of a Gaussian 
random walk is dynamically sensitive. 

Let $ denote the standard normal distribution function and define $ = 
1 — $. Recall that H(n)y/n is in the upper class of 5„(0) if and only if 
f™ H 2 (t)$(H(t))dt/t < oo |Erd6s, 19 42 . Then, fTTTi is a consequence 
of Erdos's theorem, used in conjunction with the following recent re- 
sult I Khoshnevisan et al., 2004bj Theorem 1.5): 

r°° - dt 

(1.8) A H ^0 <=> J H\tMH(t)) - = oo. 

This leaves open the following natural question: Given a non-decreasing 
function H, how large is the collection of all times t e [0, 1] at which H fails 
to be in the upper class of {5„(<)}^ 1 ? In other words, we ask, "How large 
is A H "? Define 

(1.9) 8(H) = supjc > : H<(t)9(H (*)) j < ooj , 
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where sup = 0. The following describes the size of Ah in terms of its 
Hausdorff-Besicovitch dimension dim^ Ah- 

Theorem 1.1. Suppose v is standard normal and H : R + — > R + is non- 
random and non-decreasing. Then with probability one, 

(1. 10) dim^ A H = min ^1 , 4 - , 

where dim^, A < means that A is empty. 

In order to prove this we develop a series of technical results of inde- 
pendent interest. We describe one of them next. 

First define, for any e > 0, k = K E (e) to be the maximal number of points 
x\, . . . , Xk € E such that whenever i ^ j, \xj — xA > e. The function K E is 
known as the Kolmogorov s -entropy of E fTihomirov, 19631 , as well as the 
packing number (or function) of E iMattila, 1995i. Now suppose {z J }°°^ 1 is 
any sequence of real numbers that satisfies 

(1.11) inf z n > 1, lim z n = oo, and lim . = 0. 

n n — >oo n — >oo Tl ' 

Then we have the following estimate; it expresses how the geometry of E 
affects probabilities of moderate deviations. 

Theorem 1.2. Let v be standard normal. In addition, choose and fix a 
sequence {z j }°°^ 1 that satisfies 11.1 II . Then there exists a finite constant 
y4jj2| > 1 such that for alln> 1 and all non-empty non-random measurable 
setsEC [0,1], 
(1.12) 

a Si.i& e (^) - p {f i p^»w ^ - j \tj^ e (J^j 

Theorem 12.51 below appeals to Theorem 11.21 to characterize all non- 
random Borel sets E C [0,1] that intersect Ah- Our characterization is 
not so easy to describe here in the Introduction. For now, suffice it to say 
that it readily yields Theorem II. II The following is another consequence 
of the said characterization: If v is standard normal, then 

(S n (t)) 2 — 2rolnlnn 

t&E n->oo r n In In Inn 

Here, dim^ denotes packing dimension IMattila, 1995 1. The preceding dis- 
play follows from 12.221 below. 

On one hand, if we set E to be the entire interval [0,1], then the right- 
hand side of II. 131 is equal to 5, and we obtain an earlier result of ours 1 2004b , 
Eq. 1.15). On the other hand, if we set £ to be a singleton, then the 
right-hand side of II. 131 is equal to 3, and we obtain the second-term cor- 
rection to the classical law of the iterated logarithm jKolmogorov, 1929; 
lErdos, 1942] . 

Somewhat unexpectedly, the next result follows also from Theorem 1 1.21 
To the best of our knowledge it is new. 

Corollary 1.3. Let {Z t } t >o denote the Ornstein-Uhlenbeck (OU) process on 
the real line that satisfies the s.d.e. dZ = -Zdt + V2dW for a Brownian 



(1.13) sup lim sup — — - — = 3 + 2 dim^ E. 
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motion W. Then for every non-empty non-random closed set E C [0, 1], and 
all z > 1, 

Section [H] below contains further remarks along these lines. 

For a proof of Corollary 1 1 .31 consider the two-parameter processes, 

(1.15) =>n(w, i) = 7= — b — d — (0 < u, t < 1), n = 1, 2, . . . . 



Our recent work 1 2004b , Theorem 1.1) implies that if v is standard normal, 
then S? n => in the sense of 0([Q, l] 2 ) iBickel an dWichura, 1971) , and 
is the continuous centered Gaussian process with correlation function 

(1.16) E[W(u,t)®r(v,s)] = e- |t - 5| min(u,w), 0<u,v,s,t<l. 

In particular, sup teE S n (t) / \fn converges in distribution to sup teB W(l,t). 
Corollarv l 1 . 3l follows from this and the fact that sup teE flf(l,t) has the same 
distribution as sup te£; Z t . 

In this paper we apply stochastic calculus to strengthen our earlier cen- 
tral limit theorem 12004b, Theorem 1.1). Indeed we offer the following 
invariance principle. 

Theorem 1.4. If x v(dx) = and x 2 v{dx) = 1, then ,y n =>• in the 
sense o/^([0,l] 2 ). 

We close the introduction by presenting the following dynamic stability 
result. 

Theorem 1.5. Suppose v is a distribution on Z which has mean zero and 
variance one. If there exists e > such that \x\ 2+e v(dx) < oo, then 

(1.17) pj Vl {Sn(t)=0} = oo foraUt>o\ = l. 



In words, under the conditions of Theorem 11.51 the recurrence of the 
origin is dynamically stable. When v is supported by a finite subset of 
Z this was proved by Benjamini et al. (2003, Theorem 1.11). In order to 
generalize to the present setting, we first develop the following quantitative 
form of the classical gambler's ruin theorem. We state it next, since it may 
be of independent interest. 

Consider i.i.d. integer -valued random variables {^ n }^Li such that E[£i] = 
and a 2 = E[£ 2 ] < oo. Define s„ = £i + • • • + £ n to be the corresponding ran- 
dom walk, and let T(z) denote the first-passage time to z; i.e., 

(1.18) T(z) = inf {n > 1 : s n = z) v z G Z (inf0 = oo). 

Theorem 1.6 (Gambler's Ruin). If G denotes the additive subgroup ofZ 
generated by the possible values of {s n }^L lt then there exists a constant 

4na = ^ttqic^ g ) > 1 such that 



(1.19) ^4^ <P{T(z)<T(0)}< ^ L }^ v zeG. 

l + \z\ l + \z\ 
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2. On the Kolmogorov e-Entropy 



2.1. A#-Polar Sets. Let H : R + — > R + be non-decreasing and measurable, 
and recall the random set Ah from 11.51 . 

We say that a measurable set E c [0, 1] is A H -polar if P{ A ff n E ^ 0} = 0. 
If E is not A^-polar, then the Hewitt-Savage law insures that P{A ff n E ^ 
0} = 1. Our characterization of A H -polar sets is described in terms of the 
function 



(2.1) 



H 2 (t)K E 



f E C [0,1]. 



Although tpH is subadditive, it is not a measure; e.g., i/j h assigns equal 
mass H 2 (t)Q(H(t)) * to all singletons. We will show that the function 
ip E determines the growth-rate of sup t6B S n (t) in the following sense. 

Theorem 2.1. Suppose E C [0, 1] is Borel-measurable and H : R+ — ► R + is 
non-decreasing. Then, 



(2.2) limsup 



sup S n (t) — H{n)\/n 

teE 



> if and only if iJjh{E) = oo. 



Remark 2.2. In fact, we will prove that: 

ipjj(E) = oo =>• limsup 

n — >oo 

ipn(E) < oo => limsup 



(2.3) 



sup S n (t) ~ H(n)y/n 
teE 



sup S„(t) — H(n)\fn 
teE 



Definition 2.3. We write ^h(E) < oo if we can decompose E as E = 
U^ =1 E n — where Ei, E2, ■ ■ ■ , are closed — such that for all n > 1, ^h{E 71 ) < 00. 
Else, we say that ^ H {E) = 00. 

Remark 2.4. One can have ^ H (E) < 00 although ipn{E) = 00. See Exam- 
ple |27lO] below. 

The following then characterizes all polar sets of Ah ; it will be shown to 
be a ready consequence of Theorem 12. II 



Theorem 2.5. Suppose E c [0, 1] is a fixed compact set, and H : R + 
is non-decreasing. Then, E is A H -polar if and only if ^ H (E) = 00. 



Remark 2.6. The following variation of Remark l2.2l is valid: 
(2.4) 



^h(E) = 00 => sup limsup [S n (t) — H(n)y/n\ = 

teE n^oo 



^h(E) < 00 sup limsup \S n (t) — H(n)y/n\ — —00. 

teE n— >oo 
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2.2. Relation to Minkowski Contents. In the remainder of this section 
we say a few words about the function Kb. To begin with, let us note that 
the defining maximal Kolmogorov sequence {x 3 }j =1 has the property that 
any 

(2.5) w £ E satisfies \w — Xj\ < e for some j = 1, . . . , k. 

The Kolmogorov e-entropy is related to the Minkowski content of £ C R. 
The latter can be defined as follows: 

00 f 1 if ri n F <Pi 

(2.6) MJE) = Y ain(E), where a in (E) = \ ' L ™' » J ^ ' 

v ; ' v " ' v ' |0, otherwise. 

I — — CO ^ 

Here is the relation. See pudley (1973[ Theorem 6.0. 1) and |Mattila (1995[ 
p. 78, eq. 5.8) for a related inequality. 

Proposition 2.7. For all non-empty sets E C [0, 1] and all integers n > 1, 

(2.7) K E (l/n) < M„(B) < 3K B (l/n). 

Remark 2.8. It is not difficult to see that both bounds can be attained. 

Proof. Let k = K£;(l/n) and choose maximal (Kolmogorov) points xi < 
x 2 ■ ■ ■ < Xk such that any distinct pair (xi , Xj ) are distance at least l/n 
apart. Define £ to be the collection of all intervals [i, < i < n, 
such that any / e £ intersects E. Let f S denote the collection of all 
/ e £ such that some x is in /. These are the "good" intervals. Let 
SS = £ \ denote the "bad" ones. Good intervals contain exactly one of 
the maximal Kolmogorov points, whereas bad ones contain none. There- 
fore, Ke(1/7i) = \&\ < \£\ = M E (l/n), where |---| denotes cardinality. To 
complete our derivation we prove that \<M\ < 2K£(l/n). 

We observe that any bad interval is necessarily adjacent to a good one. 
Therefore, we can write — SSl^S^r where £%l [resp. S$b\ denotes the col- 
lection of all bad intervals / such that there exists a good interval adjacent 
to the left [resp. right] of /. By virtue of their definition, both 3$l and SS R 
each have no more than K^l/n) elements. This completes the proof. □ 

An immediate consequence of this result is that if e e [2 _,l_1 , 2~ n ] then 

(2.8) K E (e) < K E (2-"- 1 ) < M 2n+ i{E) < 2M 2 »(£) < 6K E (2-™) . 

2.3. Relation to Minkowski and Packing Dimensions. There are well- 
known connections between e-entropy and the (upper) Minkowski dimen- 
sion, some of which we have already seen; many more of which one can 
find, in fine pedagogic form, in [Mjittila (1995| Ch. 5). We now present a 
relation that is particularly suited for our needs. Let H p be any locally- 
bounded non-decreasing function such that 



(2.9) H p (t) = v / 21nln* + 2plnlnlnf, v t > e 10000 . 

One or two lines of calculations then reveal that 

/oo 
K E {l/s)s^ p ds < oo. 
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Proposition 2.9. For all compact linear sets E, 

3 

dim^E = inf {p > : (E) < oo} , and 

(2.11) I 

dim :5 , E = inf {p > : ^ Hp (E) < oo} - -. 

There are well-known examples of sets E whose packing and upper 
Minkowski dimension differ. Therefore, Proposition 12.91 provides us with 
an example of functions H (namely an appropriate H p ) and sets E such 
that i^h(E) is infinite although >J h{E) is finite. This is good enough to 
address the issue raised in Remark 12.41 In fact, one can do more at little 
extra cost. 

Example 2.10. Define 

(2.12) ^ c(jff) = / HC ^ H ^T C> °' 

Now consider any measurable non-decreasing function H : R + — > R + such 
that ^(H) < oo but — oo for some e > 0. Then there are compact 

sets E C [Q, 1] such that iPh(E) = oo although *S> H {E) < oo. Our construc- 
tion of such an E is based on a well-known example iMattila ' 19951 Exer- 
cise 1, p. 88). 

Without loss of generality, we may assume that s e (0, 1). Bearing this 
in mind, define r Q = 1 and r k = 1 — Y^j=i J ^ e (fc = 1, 2, . . .). Now consider 

oo 

(2.13) E = {0}L)\J{r k }. 

Then it is possible to prove that there is a constant A > 1 such that for 
all 5 e (0,1), A^ 1 5 £ < K E (5) < AS 6 . In particular, ip H (E) is comparable to 
= oo. On the other hand, because E is countable and Jf*i(H) < oo, 
we readily have * h(E) < oo. 

Our proof of Proposition 12.91 requires the following little lemma from 
geometric measure theory. 

Lemma 2.11. Suppose H : R + — * R + is non-decreasing and measurable, 
and E C [0, 1] is Borel and satisfies ^ H {E) = oo. Then, there exists a com- 
pact set G c E such that ^h{I n G) = oo for all rational intervals I C [0, 1] 
that intersect G. 

Proof. Let PI denote the collection of all open rational intervals in [0, 1], and 
define 

(2.14) E*= |J /. 

I&M: lp H (EnI)<oo 

A little thought makes it manifest that E* is an open set in [0,1], and 
G = E\E* has the desired properties. □ 

Proof of Provosition \2.9l We will prove the assertion about dim^,; the for- 
mula for dinig, follows from the one for dim^, Lemma 12. 1 11 and regular - 
ization IMattil a, 1995] p. 81). 
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Throughout the proof, we let d = dim^(E) denote the Minkowski di- 
mension of E iMattila, 1995, p. 79). By its very definition, and thanks to 
Proposition 12 .71 d can be written as 

(2.15) d = dS^i? = limsup l0gK£(1/s) 



Now 



/ K E {1/ S )s 1 i-Pds = Y, 

Jl n=0 j2 



logs 



K E {1/ s)s---f ds 



(2.16) >2-pJ2^E(2- n )2- (p -^ n 



> 2- p limsupK E (2-™) 2-^ p -^ n . 

n— *oo 

Thus, if 2" < s < 2" +1 and p > 2, then for all sufficiently large n, 

(2.17) s-( p -^K E (l/s) < 6 • 2- n( ~P-^K E (2~ n ) . 
See 12.81 . This development shows that 

(2.18) (°° K E (l/s)si-P d S >-±- limsup K f (1 { f . 

Therefore, whenever p — | < d, the integral on the left-hand side is infinite. 
Thanks to <2~10"1 . this means that 

3 3 

(2.19) inf{ j o>0: ip Hp (E) < oo} < - + d = - + dim M E. 

This is half of the result for the Minkowski dimension. To prove the con- 
verse half, we argue similarly, and appeal to 12.81 . to deduce that 



(2.20) 



/OO w ^ 

K E (l/s)s?-Pds < 6^K B (2-™) 2-™ (p -i> < 6 ^ 2 n ^ p+ ^ + < n \ 
n=0 n-0 

In particular, if p > d+ §, then the left-hand side is finite. This and 12. 101 
together verify the asserted identity for dim^, . □ 

Remark 2.12. In conjunction, Theorem 12.51 and Proposition 12 . 91 show that 
for any non-random Borel set E C [0, 1], 

3 

p > - + dirn^ E A Hp fl£ = 

(2.21) * 

p < - + dim^ -E =>> A^HE^. 

Moreover, the intersection argument of Khoshnevis an et al. (20001 Theo- 
rem 3.2) goes through unhindered to imply that if p < | + dim^ E, then 
dim Si ,(A ff n E) = dim^ E 1 . In particular, we can apply this with E = [0, 1], 
and recall 11.81 . to deduce the following: 

5 

P < 7; => dim ^ A «p = !. 

(2.22) * 

P > 2 =>■ A ffp = 0. 
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Equation II. 131 is an immediate consequence of this. One could alterna- 
tively use the limsup-random-fractal theories of Khoshnevisa n et al. (20001 
and |Dembo et al. (2000] to derive |2~22"1 . 

2.4. An Application to Stable Processes. Let {Y a (t)} t >o denote a sym- 
metric stable process with index a e (0, 1), and let us consider the random 

set 3% a = c1(Fq,([1, 2])) denote the closed range of {X»(£)}te[i,2]- 

Proposition 2.13. Consider a given a, (3 e (0, 1). Then, for all M > and 

p > 1, there exists a finite constant ^ \2.23\ = A2.23j a > P'P> ^0 > 1 such that 
for all intervals I c [-M, M] with length > f3, and all e e (0, 1), 

(2 - 23) J ^m~ ap - E [ K ^n/(^)] < ^m~ ap - 

Proof. Thanks to Proposition 12.71 it suffices to show that we can find 
y te.24l > 1 [depending only on a, M,p] such that for all n > 1, 

(2.24) ^2^ aP ~ E [M " /)] ~ ^W aP - 

This follows from connections to potential-theoretic notions, for which 
we need to introduce some notation. 

Let p t {x, y) denote the transition densities of the process Y a . As usual, 
P x denotes the law of x + Y a (») on path-space. Define r(x,y) to be the 
1 -potential density of Y a ; i.e., 

POO 

(2.25) r(x,y)= / e' s p s (x,y) ds. 

Jo 

Finally, let T(z,s) = inf{s > : \Y a (s) — z\ < e} designate the entrance time 
of the interval [z — e, z + e]; as usual, inf = oo. 

It is well known that for any M > 0, there exists a constant A = 
A(M, a) > 1 such that 

A -l £ l- a < inf pr^ n[x -£,» + £] y^0\ 

x€\-M,M] 

(2.26) 

< supP{^ Q n [x - e 7 x + e] ^ 0} < Ae^ a ; 

see, for example Khoshnevisan (2002, Proposition 1.4.1, p. 351). In the 
case p = 1, this proves Equation 12.241 . Because L P (P) -norms are increas- 
ing in p, the lower bound in 12.241 follows, in fact, for all p > 1. Thus, it 
remains to prove the corresponding upper bound for p > 1. 

Modern variants of classical probabilistic potential theory tell us that 
for all x £ [y — e, y + s] , 



(2.27) 



/ e- s P x {T(y,e) < s] ds 
Jo 



< S 



^r inf u / / r(u,v) n(du) n(dv) 



See lKhoshnevisan (20021 Theorem 2.3.1, P. 368). Here, S = sup ze[y _ ejV+s] r(x, z), 
In the preceding, E is a linear Borel set, and &(E) denotes the collection 
of all probability measures on the Borel set E. 
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On the other hand, there exists a finite constant ^2.28l > 1 sucn that 
whenever x, y are both in [— 2M, 2M], 

(2.28) - fegj * - y\- 1+a < r(x, y) < ^sjx - y\~ 1+a ■ 

See, for example, Khoshnevisa n"(2"002[ Lemma 3.4.1, p. 383). Now as 
soon as we have \x — y\ > 2e and \z — y\ < e, it follows that |a; — z\ > ^\x — y\. 
Therefore, the inequality / °°(- • • ) > L (• • • ) leads us to the following: 

(2.29) 

P x {T(y,e)<l} 



<^ a e^oaix^y\ 



mi // \u-v\- 1+a n(du)v(dv)' 

j*e3>(l-e,+e]) J J 

The term [• • ] _1 is the (1 — a) -dimensional Riesz capacity of [—£,£]. It is 
a classical fact that the said capacity is, up to multiplicative constants, 
of exact order e 1 ^". Therefore, there exists ^2.30l > 1 such that for all 

e € (0, 1) and all x, y € [-2M, 2M] that satisfy \x -y\ > 2s, 

(2.30) P x {T(y, e) < 1} < ^^j x - y^e 1 ^. 

We now prove the upper bound in 12.241 for the case p = 2 and hence 
all pG [1,2]. By the strong Markov property and time reversal, whenever 

x, y € [-2M, 2M] satisfy \x - y\ > 4e, 

P {M a n [x - e, x + e] ^ , Si a n [y - e, y + e] ^ 0} 
(9 o„ <2P{^ a n[x-e,x + e] ^ 0} sup P v {T(y,e)<l} 

<2^n®ix-y\- 1+a z 2(1 - a) - 

Equation 12.231 readily follows from this in the case that p = 2. To derive 
the result for an arbitrary positive integer p, simply iterate this argument 
p — 1 times. □ 

3. Proof of Theorem 1 1.21 

This proof rests on half of the following preliminary technical result. 
Throughout this section {z n }'^L 1 is a fixed sequence that satisfies 11.1 II . 
and E C [0, 1] is a fixed non-random compact set. 

Proposition 3.1. Let {S n }^ =1 be a fixed sequence of numbers in [0, 1] that 
satisfy 

(3.1) liminfS„4 > °- 

n — >oo 

Then there exists a finite constant y fc^l > 1 such that for all n > 1 , 

(3.2) ^.^$(2,) < P | sup ^ S n (t) > z„v^| < 

Proof. We will need some of the notation, as well as results, o flKhoshnevisan et al. (20 04b 
Therefore, we first recall the things that we need. 

Let (resp. E^) denote the 'quenched' measure P(- • • | .JV) (resp. ex- 
pectation operator E[- • • \ ,yV}), where ,jV denotes the er-algebra generated 
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by all of the clocks, and define to be the cr-algebra generated by 
Define 

L„(t) = / 1 H r,.\ du, where 
(3.3) W Jo ( ' 

B„(t) = {cuen: S n (t) > z nV ^} ■ 

We replace the variable J n of |Khoshnevisan et al. (2004b, eq. 5.3) by our 
L n (26 n ), and go through the proof of Khoshnevisan et al. (2004b, Lemma 
5.2) to see that there exists an o/K -measurable event A n i such that for any 
h6 [0, S n ], the following holds P -almost surely: 

2 /.§(25„-u)zJ 



A n , 1/2 n-B„(«) 



[L n (2S n ) \&2]>— $ ( Vt) dt ■ 1 

6Z n Jo V / 

-6 z 2 

i3A) -3^/ attn *( V *) dt,1 ^n B -W 

>4p.i 



L A„ il/2 ns„(«), 



where ^3^4] is an absolute constant that is bounded below. Moreover, 
thanks to Khoshnevi san et al. (2004rJ| Theorem 2.1) and 13. II . there exists 
a finite constant ^3 (0, 1) such that for all n > 1, 



(3.5) P i , < Ae'lS 



Now, u i-f E ^[L„(2<5„) I ^™] is a non-negative and bounded P ^-martingale. 
Therefore, P-almost surely, 

lA„ 1/2 P^ { Sup > Znv 7 ^ \ = P :J y < SUp l An nB„(u) > 1 f 

[«e[o,<5„] J [«e[o,i„]nq ' J 

(3.6) < Vjs \ sup E^ [i n (2<5„) | > 

[«£[0,5„]nQ 

4^41 -TOl 



The ultimate inequality follows from Doob's maximal inequality for mar- 
tingales, and the last equality from the stationarity of t t— * S n (t). Taking 
expectations and applying 13.51 yields 

(3.7) pJ sup SJt) > z n ^ \ < -^—S n z 2 „ [gfoQ + e~^M /zl 



K[0M J - 13T41 

Equation 11.1 II shows that the first term on the right-hand side dominates 
the second one for all n sufficiently large. This yields the probability upper 
bound of the proposition. Now we work toward the lower bound. 

By adapting the argument of Khoshnevisa n"et al. (2004bl eq. 6.12), we 
can conclude that P-almost surely there exists an ,JV -measurable P-a.s. 
finite random variable 7 such that for all n > 7, 



(3.8) E 



J/ 
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where > 1 is a non-random and finite constant. [Replace J n by L n (S n ) 
and proceed to revise equation (6. 12) of lKhoshnevisan et al. (2004b I.] Since, 
by stationarity, E jy[L n (8 n )\ — 6 n &(z n ), the Paley-Zygmund inequality shows 
that P -almost surely for all n > 7, 

(3.9) P^k {L n (S n ) > 0} > (^n^n)]) 2 > -2-£ n ^(z n ). 

On the other hand, 



(L n (5 n )) 2 



(3.10) P<^ sup $,(*)> «„.\M >P{^n(<S„) >0}>P{L„(<J„) >0 , n> 7 }. 

[te[o,5„] J 

This is at least A^gt 5 n 2^$(z n )P{n > 7}. Therefore, the proposition follows 
for all n large, and hence all n by adjusting the constants. □ 

Proof of Theorem ] 1 . 2\ Upper Bound. Let k — [z 2 \ + 1, and recall the inter- 
vals Ij, k = [j/k, (j + l)/k) for < 3 < k. Then, 

P < sup S n (t) > z ny /n < Pi sup S n (t) > z n y/n > 

(3.11) ^,fcfW0 

= M k (E)P \ sup S n (t) >z n V^\. 

[*G[0,l/fe] J 

The last line follows from stationarity. Because liminf JWOO k~~ x z\ = 1 > 0, 
Proposition 13.11 applies . and we obtain the following: 

(3.12) P jsupS„(i) > z riV ^| < ^£Tj^M k (E)$(z n ). 

As n -> 00, zl = O(fc), and M fc (£) < 3K B (l/fe) < 18K s (z- 2 ); cf. Proposi- 
tion |2]7j as well as equation 12.81 . The probability upper bound of Theo- 
rem follows from this discussion. □ 

Proof of Theorem ] 1.21 Lower Bound. It is likely that one can use Proposi- 
tion |33 f° r this bound as well, but we favor a more direct approach. Let 
k = Kb((16z„) -2 ), and based on this find and fix maximal Kolmogorov 
points xi, . . . ,Xk in E such that whenever i =/= j, \xi —Xj\ > (I6z n )~ 2 . With- 
out loss of generality, we may assume that x\ < x 2 < ■ ■ ■ < Xk- In terms of 
these maximal Kolmogorov points, we define 

k 

(3-13) V n — l{s„(x 3 )>z„ x AT}- 

i=i 

Evidently, P-almost surely, 

(3.14) E^[K] = k$(z n ) > K E (z- 2 ) $(z n ). 

Now we estimate the quenched second moment of V„ : There exists an 
,/K-measurable P-almost surely finite random variable a such that for all 
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n > a - , 



E^k [V„] < 2 ^2J2 P ^ ^ z «v^ , SnC^i) > z nV ^} 

i<i<j<fc 

(3.15) , 1 v 

- 4 Z Z cxp ( -g^fo - *<) ) $ (*«)- 



l<i<J<fc 



See |Khoshnevisan et al. (2004b| Lemma 6.2) for the requisite joint-probability 



estimate. Whenever j > i, we have x — x t = Y^i=l( x i+i — x l) - jeU ~ *) z n 2 - 



Therefore, for all n > u, 

[F„ 2 ] < 4 cxp f--L(j - *)) 



x 128 

l<i<j<k x 

(3 - 16) < l^x/ue **(*») - ^3^ ( i^) *<*•) 

The last line relies on four successive applications of 12.81 . and is valid 
if n is at least r = inf{fc : z% > 4}. We combine 13. 141 . 13. 161 . and the 
Paley-Zygmund inequality to deduce that for all n > a V r, 

(3. 17) {K > 0} > ( 3^ 2 > / , K £ (z.- 2 ) $(z„), 

P-almost surely. But for all n>r, 

P (supS n (i) > z„v^l > P{K > 0} > P{V n > , n > a} 
Ike J 



> ai /L- Kg (^ 2 ) *(«»)P{n > a}. 



(3.18) 



Because cr is finite P-almost surely, the lower bound in Theorem 1 1 . 21 fol- 
lows for all sufficiently large n, and hence for all n after adjusting the 
constants. □ 



4. Proofs of Theorems 12 . U [231 and II. U and Remarks 12 . 21 and 12 1 61 

The critical result is Theorem 12. H and has a long and laborious proof. 
Fortunately, most of this argument appears, in a simplified setting, in Khosh nevisan et al. (20 04b I 
from which we borrow liberally. 

Throughout the following derivation, e„ = c(n) = [ e n / ln +(™)j , which is the 
so-called Erdos sequence. 

Proof of Theorem \2.1\ Without loss of generality, we can assume that 

(4.1) ^111+ ln+ t<H(t)< 2y/\n+ ln+ t y t > 0. 

For the argument, follows Erdo s (19421 eq.'s (1.2) and (3.4)). 
We first dispose of the simple case ipn(E) < oo. 
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By the reflection principle and by Theorem ll.21 

P j max supS k (t) > H(e n )\fci\ < 2P I sup S e(n+1) (t) > H{t n )y/tA 



(4.2) 

Under |4Tj, iJj h {E) is finite if and only if J2 n K E {1/ H 2 (z n ))$>{H{z n )) < oo. 
Hence, the case iPh(E) < oo follows from a monotonicity argument. 
In the case 4>h{E) — oo, define for a fixed i9 > 0, 

£* = supS , e( „)(i), i?„ = H(e n ), 



teE 



(4.3) J^„ = ( H n yfei [H n + 4-)V^ 



f(z) =K E (1/ z 2 )$(z). 

These are the present article's replacement of Khosh rievisan et al. (20 04b , 
eq. 8.10). We can choose ■& large enough (though independent of n) such 
that there exists r\ e (0, 1) with the property that for all n > 1, 

(4.4) n < P{5 " £ Jn} , < ii- 1 - 

'- P{S*>H n ^} ~ 1 

To see why this holds, we mimic the proof of Khosh rievisan et"al. (2 004b , 
Lemma 8.3), but in place of their Theorem 1.4, we use Theorem 1 1 . 21 of the 
present paper. 

Now in light of 14.41 and condition ipn(E) — oo, Um„_>oo E[L„] = oo. There- 
fore, by the Borel-Cantelli lemma, it suffices to show that 

E \LV\ 

(4.5) limsup j < °°- 

n-+oo (E[L„]) 

Everything comes down to estimating the following joint probability: 

(4.6) = P {S* e A , S* eSj}, y j>i> l. 

This painful task is performed by considering on three different scales: 
(a) j > i + (b) j e [i + ln + (i),i + ln^(i)); and (c) j g + ln+(i)). Fortu- 

nately, Lemmas 8.4-8.7 of Khosh nevisan et al. (2004b) do this for us at no 
cost. However, we note that they hold only after we replace their S* with 
ours and all multiplicative constants are adjusted. Moreover, everywhere 
in their proofs, replace "sup tg j 1 i" by "sup teE ." Equation 14.51 follows from 
these estimates. □ 

Proof ofTheorem \2.5\ First, let us suppose that ty H (E) < oo. Then, we can 
write E = L>^— 1 E m , with E m 's closed, such that for all m, ^n(E m ) < oo. 
Theorem 12. II proves, then, that for all m, 

(4.7) sup limsup [S n (t) - H(n)y/n\ < 0, a.s. 

teE m n — >oo 

Maximize over m = 1, 2, ... to prove half of Theorem 12. 51 

To prove the second half of the theorem, we assume that ^ H {E) = oo. 
By Lemma 12. 1 U we can find a compact set G C E such that whenever / 
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is a rational interval that intersects G, ipn(I n G) is infinite. Now consider 
the random sets 



(4.8) 



A™ - 
l\ H — 



t £ [0, 1] : sup inf \S„(s) - H(n)Vn] > 

e>0 t-e<s<t+e 



By the regularity of the paths of S n , A H is open for every n. 

By Theorem 12 .51 for any rational interval I that intersects G, A 7 ^ n (InG) 
is non-empty infinitely often. In particular, U°l n A l H intersects I n G infin- 
itely often. Therefore, we have shown that Ufl n A H n G is an everywhere- 
dense relatively-open subset of the complete compact separable metric 



space G. By the Baire category theorem, 



U, c 



A^ n G is non-empty. 



In particular, there exist uncountably-many times t S G C E such that 
t e limsup n A H = Ah, whence the theorem. □ 

Proof of Theorem ll.il We use a codimension argument. Let Y a be the sta- 
ble process of i!2.4l which is chosen to be independent of the entire dynam- 
ical Gaussian walk, and let ffl a denote its (closed) range. 

By Theorem 12 . 1 1 the following are equivalent for any dyadic interval /: 



lim sup 



(4.9) 



sup S n (t) — H(n)y/n 



sup S n (t) — H{n)y/n 



lim sup 

n — >oo 

Recall I27T21 . Thanks to l2~23l 
(4.10) E[#(^ a nJ)] 



> o ipH (& a n I) = OO 

< 4> H (&a n I) < OO. 

Jl 

fla(l+«)(t)$(ff(t)) T = < / 2(1+a) (ff). 

where 'a x /3' stands for 'a is finite if and only if /3 is'. Therefore, by 
12.241 and the Paley-Zygmund inequality, i/># n i") is infinite with posi- 
tive probability if and only if its expectation is infinite. In particular, 

(4.11) pjlimsup sup [S n {t)-H{n)^\ > ol >0 Jf 2{x+a) {H) = oo. 

Because the condition on ^jjfi+a) does not involve the dyadic interval /, 
and since there are countably-many dyadic intervals, it follows from the 
category portion of the proof of Theorem 12 . 51 that 

(4.12) P ( sup limsup [S n {t) - H{n)^i] > j > <=> f 2[ i +a) {H) = oo. 

That is, A H intersects M a with positive probability if and only if J : 2{i+ a ) (H) = 
oo. But it is known that <% a can hit a set E if and only if E has positive 
(1 - a)-dimensional Riesz capacity Cap 1 _ Q (i?) I Khoshnevi san, 2002[ Theo- 
rem 3.4.1, p. 384). Thus, by the Fubini-Tonneli theorem, 

(4. 13) E [Ca Pl _ Q (A H )] > J 2(1+a) (H) = oo. 
Because a e (0, 1) is arbitrary, we have shown that for any £ e (0, 1), 



(4.14) 



E 



Cap. 



2-(C/2) 



(Ah) 



> 



Frostman's theorem I Khosh nevisan, 20021 Theorem 2.2.1, p. 521) then 
implies the result. □ 
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Proof of RemarkH^ Because $(x) ~ (27r)~ 1 / 2 a:- 1 exp(-a; 2 /2) as x — > oo, 

(4.15) iP„(E)<oc^ H{t)K E (^^je-? H2 ^dt<w. 

Therefore, we can appeal to 12.81 to see, after one or two lines of calcula- 
tions, that 

(4.16) i> H {E) < oo v c e R : V'h+( c /h)(^) < oo. 

Now we can prove the remark. 

If ipn{E) < oo, then the preceding remarks and Theorem 12. II together 
prove that for any c < 0, 



(4.17) limsup 



sup S n (t) - \H(n) + ) 
teE V H(n)J 



< 0, a.s. 



Thanks to 14. II . H{n) = o(yfn) as n — > oo. Thus, let c — * — oo to see that 



(4.18) limsup 



supSVj,^) — H{n)yfn 
teE 



a.s. 



If ipn(E) — oo, then we argue as above, but, this time, we let c tend to 

oo. □ 

Proof of Remark \2.(% We follow the proof of Remark l2 . 21 verbatim . but apply 
Theorem 12.51 in place of Theorem 12. II everywhere . □ 

5. Proof of Theorem LL4J 



A key idea of our proof of Theorem 11.41 is to appeal to martingale prob- 
lems via the semi-martingale weak-convergence theory of Jacod and Shiryaev (20 021. 
To elaborate on this connection a bit further let us note that {X k }^ =1 are 
i.i.d. copies of a pure-jump Feller process with generator 

/oo 
f(z)u(dz)-f(x) v /e^o(R). 
-oo 

Before citing the result of Jacod and Shiryaev (2002) we need to intro- 
duce some more notation. This will be done in the first subsection. Let us 
note in advance that ours differs slightly from the notation of jJacod and Shiryaev (20 021. 
In particular, our B corresponds to their B' and our C corresponds to their 

a. 

Throughout, we use the following particular construction of the process 
Let {/3(s,t)} a<t >o denote the Brownian sheet, and define 

(5.2) W(s,t) = l3 ( S, f t > V M>0. 

The reader can check that a i/ is indeed a continuous centered Gaussian 
process whose correlation function is given by II. 161 . 
We aim to prove the following: 

Proposition 5.1. Assume, in addition, that there exists e > such that 

/oo 
\x\ 2+e u(dx) < oo. 
-OO 

Then, for each fixed u>0, <9* n (u, •) ^> ^/(u, ■) in the sense of ^([0, 1]). 
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O. Rusakov 1 1995 , Theorem 3. 1) has demonstrated that a similar result 
holds for a closely-related model. 

Because u h-> y n (u, •) is an infinite-dimensional Levy process on f?([0, 1]), 



a standard argument then yields the following. [See Lemma 2.4 of Eisenbaum and Khoshnevisan (20* 
but replace ® T ^{K)) there by 0(0([O, 1])).] 



Proposition 5.2. Under the additional constraint 15.31 . the finite-dimensional 
distributions of y n converge to those ofty. 

In light of this, Proposition and "tightness" together would yield The- 
orem ^4] under 15.31 . A truncation argument then removes 15.31 . Our 



proof of Proposition uses the machinery of Jacod and Shiryaev (2002 k 
Then we follow the general outline of Khoshnevisa n et al. (2004b[ §4) to 
establish tightness. 

5.1. Background on Semi-Martingales. Let {X t } t > be a cadlag semi- 
martingale. We assume that X is denned on the canonical sample space 
#(R+). 

Given a measurable function g, {v t (g)}t>a denotes the compensator of 
the process t h-> J2 s <t Ax s7 to 9(AX 3 ), where AX t = X t — X t ~ designates the 
size of the jump of X at time t. We specialize our discussion further by 
considering the subclass of processes X that satisfy: 

(1) X = M + B, where B is continuous and adapted, and M is a local 
martingale. 

(2) vt(x 2 ) < oo for all t. Of course, vt(x 2 ) stands for vt(g) where g{x) — 
x 2 . 

For such a process X, write 

(5.4) C t = (M c )t+v t (x 2 ) v <>0, 

where M c is the continuous part of M, and (•) denotes quadratic variation. 

Let Iff,* denote the class of functions which are bounded and vanish 
near 0. Define 

(5.5) r a = in£{t> : \X t \ V \X t -\ > a} v a > 0. 

Now let {I"}" =1 denote a sequence of such semimartingales; B n , C", 
r™, and v n (g) denote the corresponding characteristics for the process X n . 



Theorem 5.3 (I Jacod and Shiryaev, 2002, Theorem IX.3.48)). If the follow- 
ing hold for a dense subset D of R + , then X n =>• X in the sense of @(R + ): 

(1) For each a > there is an increasing and continuous non-random 
function F a so that F a (t) - V TaM {B), F a {t) - (M c ) TaAt , and F a {t) - 
v TaAt (x 2 ) are increasing functions oft, where V t (B) denotes the total 
variation B on [0, t]. 

(2) For alla>0 and t > 0, 

(5.6) lim sup v TaAt (x 2 l { | x | >b }) (w) = 0. 

(3) The martingale problem for X has local uniqueness in the sense 
of yjacod and Shiryaev (2002\ . 

(4) For allt £ D and g e ^bz, the function to h-> (B t (cv), Ct(to),v t (g)(uj)) is 
Skorohod continuous. 
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(5) Xq converges in distribution to X . 

(6) For all g e <# bz , t> t n AT „ (g) - v tATa (g) ^ 0. 

(7) Foralla,t > 0, sup s < t |fl" AT „ - B sATa (X n )\ ^ 0. 

(8) For allteD and a > 0, C t " T „ - C tATa (X n ) ^ 0. 

(9) Foralla,t,e > 0, 

(5.7) limlimsupP {<„ At (x 2 l {N>fc} ) > = 0. 

0?°° n — >QO ^ a J 

5.2. Proof of Proposition HH1 Write Of = &(u, t). We then begin by not- 
ing the semi-martingale characteristics of the process {O"} t > . First, O u 
solves the s.d.e., 



(5.8) dX t = -X t dt + V^l dffi , 



where {/3"}t>o is the Brownian motion {/3(u,t)} t > - h follows that Of — 
B t (O u )+a martingale, where B t : 0(R+) -> R is defined by S t (w) = - / ' cj(s) ds. 
Also note that (O u ) t = 2ut. Since {OJ 1 }^ is path-continuous, v t (g) = 0. 



Proof of Proposition l5. 11 We will verify the conditions of Theorem 15.31 as 
they apply to {S n (u, -)}£° = i and O u . 

The total variation of r ^ B r (u) — - J^tu(s)ds on [0, i] is V t (B(uj)) = 

f Q \v(s) \ ds. Therefore, 

(5.9) V Ta{u)At (B(Lj)) < a(T a {uj) A t). 



Since (M c ) t = 2ut and v = 0, F a (£) = [(2u V a) + l]t satisfies condition (TJ. 

Condition j^l is met automatically because v t (g) = 0. 

O u is a Feller diffusion with infinitesimal drift a(x) = —x and infinitesi- 
mal variance a 2 (x) = 2u. In particular, a is Lipshitz-continuous and a 2 is 
bounded. Hence, by Theorems III.2.32, III.2.33, and III.2.40 o f|Jacod and Shiryaev (2002| , 
condition (3) is satisfied. 

Because (O u ) t = 2ut, it follows that C t = 2ut; cf. 15.41 . In particular, 
S?(R+) 9 u> h-> C(u>) is constant. Because u t (g) = also, this establishes the 
continuity condition (4] for both C and v. Since w h> j" u(s) ds is Skorohod- 
continuous condition (4) is satisfied. 

Condition (5] follows from Donsker's Theorem; see, for example, I Billingsley, 1968 
Theorem 10.1). 
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Fix a non-negative g e ^bz, define L = sup x g(x), and suppose that g 
vanishes on [—5,(5]. Then, we have, in differential notation, 

L««l ^oo / T — x (t\\ 
dv?(g) = E [d t g (AMu, t)) \ = J 9 { j= ) ^ dt 



(5.10) 



k=l 

\un\ 

<L^ v{\x - X k {t)\ > y/riS} dt 
fc=i 

\un\ 



L — -J 1 /-oo 

k=i J -°° 



2 2+e L -"" J 



k=l 



Here, v a denote the ath absolute moment of the measure v. This implies 
condition (S). 

Next, let & t = \l^ =v ^t denote the cr-algebra generated by {S n (u); < u < 
t}%Li, and note that 

(5.11) E[dX k (t)\& t ]= ^ ari/Cda;)-^^ dt = -X k (t)dt. 
Summing over fe gives 

(5.12) E[c^„M) | - -y n {u,t)dt. 

Consequently, ^„(u,i) has the following semi-martingale decomposition: 

(5. 13) y n (u, t) = - [ y n (u, s) ds + a local ,^-martingale v i > 0. 

Jo 

Likewise, from 15.81 we conclude that 

(5. 14) 0? = - [ O u s ds + a local ^-martingale 

Jo 

Together 15.131 and 15.141 verify condition Q. 
Because v has mean zero and variance one, 

d t v n t (x 2 )=V[d t yl(u,t) \ & t ] 

L«"J r oo / v / ,x \ 2 



'i > 0. 



(5.15) 



fc=i 



n n * — ' / 

k=l J 



dt. 



The pure-jump character of y n (u,-) implies that the quadratic variation 
of the continuous part of the local martingale in 15. 131 is zero, whence 
C™ = Vt{x 2 ). By the computation above and the law of large numbers, 

C t ™ 2ut = C t = (O u ) t . Therefore, condition |8) is satisfied. 
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Finally, after recalling that v a is the a— absolute moment of v, we have 



x'l 



(5.16) 



< 



< 



{\x\>b}) 

t I™ J 

E 

fc=i 

t V un \ 

E 

fc=i 



E[d 8 ^(u,s)l {ld! 



S* n {u,s)\>b} 



(x-X k (s)) l { \ x ^ Xk (s)\>b}v(dx)ds 

1 2/(2+e) 



(a: -X fc (s)) 2+E 

1 

x [v{\x - X k (s)\ >6}] e/(2+£) ds 

2 2+£ 



E 

fc=l 



2+e' 



2/(2+e) 



nfo e/(2+e 

By the stationarity of X, 

E [< (z 2 l {w>6} )] 
(5.17) 2 2+£ t 

Also, since f i— > u"(a; 2 l{| :! .| >;) }) is non-decreasing we have 



{ Vl + \x k ( s )\y /{2+e) ds. 



l*i(0)| 



2+e 



,2/(2+6) 



(yi + |Xi(o)|) e/(2+E) 



(5.18) 



E 



(x 2 l 



{W>&}/ 



< 



i4t 



& e/(2+e 



□ 



Therefore, by Markov's inequality, condition (9) holds. 

5.3. Tightness. This portion contains a variation on the argument in 
IKhosh nevisa net al. (2004b[ §4). We appeal to a criterion for tightness in 
^([0, l] 2 ) due to Bickel and Wichura 119711 . [Because S>([0, l] 2 ) ~ i?(i?([0, 1])), 
we will not make a distinction between the two spaces.] 

A block is a two-dimensional half-open rectangle whose sides are paral- 
lel to the axes; i.e., 7 is a block if and only if it has the form (s, t] x (it, v] C 
(0, l] 2 . Two blocks 7 and 7' are neighboring if either: (i) 7 = (s,t] x 
and 7' = (s',t'] x (horizontal neighboring); or (ii) 7 = (s,t\ x (u, «] and 

7' = (s,i] x (u' ,v'] (vertical neighboring). 

Given any two-parameter stochastic process Y = {Y(s,t); s,t € [0,1]}, 
and any block 7 = (s, t] x (u, v], the increment ofY over I [written as AY(I)] 
is defined as 

(5. 19) AF (7) = Y(t, v) - Y(t, u) - Y(s, v) + Y(s, u). 

Lemma 5.4 (Refinement to Bic kel and Wichura (197T] Theorem 3)). Let 
{Ynj^Li denote a sequence of random fields in @([0, l] 2 ) such that for all 
n > 1, Y n (s,t) = if st = 0. Suppose that there exist constants ^5.201 > 1( 
6i, O2, 71,72 > such that they are all independent of n, and whenever I = 
(s,t\ x (u,v] and J = (s ', t'} x (u',v'] are neighboring blocks, and if s,t, s',*' e 
u^Zn [0,1], then 



(5.20) 



E 



|Ay„(7)| ei |AF n (J)| 6 



< 



1 71 



J 



72 



where \I\ and \J\ denote respectively the planar Lebesgue measures of I 
and J. If in addition, 71 + 72 > 1, then {y„};f =1 is a tight sequence. 
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Additionally, we need the following a priori estimate. 
Lemma 5.5. In Theorem \1.4[ 



(5.21) 



E 



max sup |<Sfc(it)| 2 
fee{i, •••,"} ue[o,l] 



< 64n 



7 n > 1. 



Proof. We choose and fix an integer n > 1. Also, we write E j/ for the 
conditional-expectation operator E[- • • | .jV\, where .jV denotes the cr-algebra 
generated by the clocks. 

We can collect the jump-times of the process {<Si(w)}ue[o,i] f° r a U i = 
1, . . . , n. These times occur at the jump-times of a homogeneous, mean-ri 
Poisson process by time one. Define T = and enumerate the said jumps 
to obtain = T < Ti < T 2 < . . . < Tjv(n)- Tne variable N(n) has the Poisson 
distribution with mean n. 

Hue [Tj,T j+1 ), then S n (u) = S n {T 3 ) = E£o{^(^+i) - S n (T e )}. This 
proves that 



(5.22) 



sup |5 n (u)| = max 

ue[0,l] l<j<N(n) 



3-1 

i=0 



Here, the C's are independent of Jf , and have the same distribution as 
v * v~ where v~{G) = v(—G). Moreover, the ( 2j 's [resp. C2i+i's] form an 
independent collection. In accord with Doob's maximal (2, 2) -inequality, 



E 



sup \S„{u)\" 
ue[o,i] 



(5.23) 



< 2 < E 



J/ 



max 

l<j<N(n) 



l<j: odd 



max 

l<3<N(n) 



E o 

£<j: even 



< 8E 



W(n)-1 

E 



16N(n) a.s. 



[We have used also the inequality (x + y) 2 < 2{x 2 + y 2 }.] Take expectations 
to obtain 



(5.24) 



E 



sup \S n (u)\ 2 
«e [o,i] 



< 16n. 



It is easy to see that n — > su p ltg [ |<5 n (w)| is a submartingale. Thus, Doob's 
strong (2, 2)-inequality and 15.241 together imply the lemma. □ 

5.4. Proof of Theorem 1 1.4L We proceed in two steps. 

Step 1. The L 4 (P) Case . First we derive the theorem when E{|X (w)| 4 } is 
finite. In this case, 15.31 holds and so it remains to derive tightness. We 
do so by appealing to Lemma 15.41 

Consider first the vertical neighboring case. By the stationarity of the 
increments of random walks we need only consider the case where I = 
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(0, s] x (0, u] and J = (0, s] x (u, v], where sen 1 Z. Clearly, 

Ay n (I) = y n ( S) u) y n (s,0) = ^" j(M) ' Vtj(0) , 

(5.25) Vn 
A^„(J) = y n ( S ,v) - J^M = VjW^hW , 

By the Cauchy-Schwarz inequality, \\A,y n (I)Ay n (J)\\j < \\Ay n {I)\\\ \\Ay n {J)\ 
Note that the distribution of Ay n (I) [resp. AJ^„(J)] is the same as E^I"i (u) (&- 
£j) [resp. te — ^i)l> where: (i) {Cij^Li is an i.i.d. sequence, each dis- 

tributed according to z/; (ii) is an independent copy of {Ci}^; and 

(iii) N n (r) is a Poisson random variable, with mean \nr\, that is indepen- 
dent of all of the £'s. These remarks, together with a direct computation, 
show that there exists a finite constant K such that || A.y n {I)Ay n {J)\\ 2 < 
K\I\ \J\. A similar inequality is valid for the horizontal neighboring case. 
That is simpler to derive than the preceding, and so we omit the details. 
This and Lemma \5 . 41 together prove tightness in the case that the Xk(0)'s 
are in £ 4 (P). According to Proposition 15 .21 Theorem 1 1 .41 follows suit in the 
case that Xi(0) e £ 4 (P). 

Step 2. Truncation. Now we prove Theorem 11.41 under the conditions 
give there; that is, x v(dx) = and J™ x 2 v(dx) = 1. 

For any c > define X c k (u) = X k (u)l{\ Xk ( u )\<c} — fl xi/(dx). Also define 
S°(u) = J2l=i X c k {u). It is easy to see that {S c n }™ =1 and" {S n - S c n }^ =1 define 
two independent, centered, dynamical random walks. According to Step 1, 
a(c)y^ as n — > oo, where: (a) y c is defined as y, but in terms of the 
X c, s instead of the X's; and (b) o-~ 2 (c) = Var(Xx(0); |Xl(0)| < c). Because 
linic^oo <r(c) = 1 and a i/ is continuous it suffices to prove that for all e > 0, 

(5.26) lim supP \ sup \y„(s,t) - y°(s,t)\ > e \ = 0. 

c^oo„>! l a ,te[0,l] j 



But we can change scale and apply Lemma \5. 51 to deduce that 



(5.27) E 



max sup \Sk(u) — S k (u)\^ 

fce{l,—,n} uG[0,l] 



< 64Var(Ai(0); |Xi(0)| >c)n, 



for all integers n > 1. Equation 15.261 follows from the preceding and the 
Chebyshev inequality; Theorem 11.41 follows . □ 



6. Proof of Theorem 1 1.61 

First, we develop some estimates for general random walks. Thus, for 
the time being, let {s n }^ =1 denote a random walk on Z with increments 
{£n}5£Li- As is customary, let P x denote the law of {x + s n }^ =1 for any x e R, 
and introduce s so that P z {s = z} = 1 for all z e Z; note that P = P Q . 
We assume, for the time being, that the set of possible points of {sn}^^ 
generates the entire additive group Z. Thanks to the free abelian-group 
theorem this is a harmless assumption. See |Khoshnevisan (20021 p. 78) 
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for details. Define 

n 

(6.1) G(n) = Po{*i = 0} V ">1. 

i=l 

Lemma 6.1. For alln> 1 and z e Z, 

(6.2) P z {r(0) > n} < ' 



G(n)P {T(z)<T(0)}- 



Proof. We start with a last-exit decomposition. Because the following are 
disjoint events, 

n 

i > p ° {"j = °> s j+! ^ °> • • • ' s i+ n ? °> 

3=1 



(6.3) 



^ Po {sj = 0, Sj+i -Sj^O,..., s j+n - ^ 0} 



= X>o{s; = 0}Po{r(0)>n} 

3=1 

= G{n)P o {T(0) > n}. 
By the strong Markov property, 

(6.4) Po{T(0) >n}> P {T{z) < T(0)}P z {T(0) > n}. 

The result follows from this and the preceding display. □ 

Consider the local times, 

n 

(6.5) LI = Ms^} " x 6 Z, n > 0. 

3=0 

Evidently, G(n) = E [L%\ — 1, where E z denotes the expectation operator 
under P z . 

Lemma 6.2. For all z e Z and n>l, P Z {T(Q) > n} < E a [L° T{z) ]/G{n). 

Proof. If z = 0, then -£^(z) = 2, and the lemma follows from Lemma [6. 11 
From now on, we assume that z / 0. We can apply the strong Markov 
property to the return times to z, and deduce that for all non-negative 
integers k, 

(6.6) P {l° t(z) = k + l} = [P {T(0) < T(z)}] k Po{T(z) < T(0)}. 

[The k + 1 is accounted for by the fact that Lq = 1.] Therefore, the P -law 
of iPrVj.) is geometric with mean 



(6.7) E 



L T(z) 



1 



P {T(z)<T(0)Y 

This and Lemma T6. II together prove the lemma. □ 
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Lemma 6.3. If{s n }%Li is recurrent, then for all non-zero integers z and all 

n>l, 



G(n) 



9(z) = inf <^ n > 1 : P {T(z) > n} < 



(6.8) 



Proof. Recurrence insures that 9{z) is finite for all z e Z. Now for any 
positive integer m, 



<E [L° m ] + E L° nz) ;T(z) > m 



(6.9) 



< 1 + G(m) + JEo 



{ L T(z)) 



P [T(z) > to}. 



Since nas a geometric distribution [see 16.61 1. E [(L% 



Thus, 
(6.10) 



T(z 



<2{E Q [L° T{z) }} 2 . 



E 



L T{z) 



< 1 + G(m) + E 



V2P [T{z) > to}. 



Choose m = 9(z) to find that the square root is at most |. Solve for E [L^^] 
to finish. □ 

Lemma 6.4. Suppose E[£i] = and a 2 = E[£f] < oo. Then Lue can find a 
finite constant j j| > 1 such that 



(6. 1 1) P z {T(0) >n}< Jfojj^ti v z e Z) n > L 

Proof. First of all, we claim that there exists ^ 1 2| > 1 such that for all 

n > 1, 

(6. 12) ^6Ti5i ^" - G(?i) - "fen^- 

When {s n }^ =l is strongly aperiodic this follows from the local central limit 
theorem iSpitzer, 1976, II.7.P9). In the general case, consider the random 
walk {s' n }^ =1 whose increment-distribution is \(y + S ). The walk {s' n }^ =1 
has the same law as {s c ^}^ =1 where c(n) = min{m : A + • • • + A TO > n} for 
an i.i.d. sequence {Xn}^Li °f mean "(|) geometric random variables that 
are totally independent of {s„}£° =1 . Because E^o 1 {<=o} = E^o A i 1 {s i =o}. 
it follows that G'{n) = 2 G{n) w here G'(n) = ELi p i s ^ = °>- Because {/J^U 
is strongly aperiodic, 16. 121 follows. In light of this and Lemmas 16. II 
and 16 .31 it suffices to prove that 

(6.13) 6(z) = 0(z 2 ) as|z|^ooinZ. 
If (3 > is fixed, then 



(6.14) 



{T(0) > I0z 2 \} = P {L^ 2J = 0} < P {L^ 2J < y^} 
= Po {C/3 1 < CT } + (!) as 1*1 -> oo. 



Here f^ 1 denotes the local time of Brownian motion at —1 by time t. 
[The preceding display follows from the local-time invariance principle of 
IBorodin (1981| .] Recurrence of Brownian motion implies that there exist 
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(3, z Q > such that whenever \z\ > z , P Z {T(Q) > f3z 2 } < |; i.e., 6(z) < (3z 2 as 
long as \z\ > z . This verifies 16 131 and completes our proof. □ 

Proof of Theorem ] 1. 61 We can appeal to the free abelian-group theorem 
again to assume without loss of generality that the possible values of 
{s n }^Li generate the entire additive group Z. 

Apply l6~T0l with m = 6{z) to find that E [L Q T{z) ] < 2{1 + G(6(z))}. Com- 
bine this with l6~T2l and l6~T3l to find that E [L° T(z) } < Ay/1 + z 2 for some 
constant A that does not depend on z e Z. This and 16.71 together imply 
the lower bound of Theorem ll.6l 

To obtain the other bound let r = inf{n : s n < 0}. Because T(0) > r, 
Lemma 16 . 41 and 16.41 together prove that 

(6.15) > Po{T{z) < T(0)}F 2 {r > n}. 

Thanks to |Pemantle and Peres (19951 Lemma 3.3), as long as \z\ < A'y/n 
for a fixed A', P z {t > n} > A"\z\/y/n for a fixed A". The result follows. □ 

Remark 6.5. The last portion of the preceding proof shows also that P z {T(0) > 
n} > A"\z\/y/n, This proves that the bound in Lemma T6. 41 is sharp up to a 
multiplicative constant. 

7. Proof of Theorem I1.5I 

The basic outline of our proof follows the same general line of thought 
as the derivation of (3.1) of |Penrose (19 901. However, as was noted by 
Benjamini et al. (2003 1, the present discrete set-up contains inherent tech- 
nical difficulties that do not arise in the continuous setting o f|Penrose (19 90 . 

Choose and fix a large positive integer M, and define 
3 

(7.1) 7 = H~T~o~ ! ^« 

6 + 2e 

Within [n/2,n] we can find Ln/(4g„)J-many closed intervals {/^}j£ / 1 (49 " )J , of 
length q n each, such that the distance between /" and I™ is at least q n if 
i^j. Motivated by §5 of Benjamini et al. (2003) , let E n (t) denote the event 
that 

{Sfc(i)}fcL takes both (strictly) positive and (strictly) negative 
^ 7 ' 2 ^ values in every one of /" , . . . , I[ n /^ qn )j • 
Also let F n (t) denote the event that 

(7.3) {Sk(t)}^L does not return to zero in [n/2, n]. 
Lemma 7.1. Uniformly for allt>0, 

(7.4) hmsup < — — . 

n->-oo mn 12 

Proof. The uniformity assertion holds tautologically since V(E n (t) n F n {t)) 
does not depend on t > 0. Without loss of generality, we may and will work 
with t = 0. 

Let /" denote the smallest value in Also define 

(7.5) = inf {I e 77* \ {/f} : S t -i(0)St{0) < 0} , 



n i v 



n = l,2, 

M- 
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where inf = oo. Finally, define Af to be the event that c™ is finite, but 
Sk(0) ^ for all k = cf + 1, . . . , cf + q n . A little thought shows that for any 
integer j > 1, 

P(^ +1 |A?,...,A?) 

(? ' 6) < P ( max |Xi(0)| > u4 + sup P K |S fe (0) ^ 0, v fc = 1, . . . , q n ) . 

(!<*<" J |x|<nT 

To estimate the first term we note that (2 + 2)7 — 1=7/3. Therefore, 



P 

(7.7) 



ma* 1^(0)1 > „n < nP{|X l( 0)| > »*} < ^fc^i ] 



n 

as n — > 00. 



See (77TJ. On the other hand, by Lemma l6~4l and (77TJ, 

(7.8) sup P, {^(0) ^ 0, v fc = 1, . . .,<?„} < 46TT]-7^ = ( n ^ /3 ) 

\x\<n-' ' V^n V 7 

as n — > 00. These remarks, together with 17.61 imply that 

(7.9) supP (A] +1 j A™,..., A]) =0 (n"^ 3 

j>l v 

Thus, as n — > 00, 

(Yn/(iq n )\ 

P(E n (t)nF n (t))<p[ f| A? 

(7.10) \ Ui 

= O (n~ l[ - n/( - 4qn}i/3 ^ < rf^-Mi/ 12 , 
This proves the lemma. □ 
Lemma 7.2. There exists M = M (e) such that whenever M > M Q , 



(7.11) £ P f| [E n (s) D F n (s)] j < 00. 

n=l Vse[0,l] 



Proof. By Lemma T7 . 1 1 and the strong Markov property, 
(7.12) f°p( f| [E n (s) n F n (s)} ) e-*tft<»°W+i-^7/ia („_►«>). 
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See the proof of Lemma 5.3 of Benja mini et al. (2003| . On the other hand, 



(7.13) 



f P p| [E n (s) n F n (s)] \ e-*dt 
> - / P ( Pi [E n (s)nF n (s)}) dt 

>^p I f) [E n ( S )nf n ( s )l . 
V>e[o,i] / 



Therefore, P(n se[0 ,i] [-E„(s) n F n {s)]) < n °(i)+i-M 7 /i2. xhe lemma follows with 
M = 24/ 7 . □ 



The following is essentially Lemma 5.4 of Benjamini et al. (20031. To 
prove it, go through their derivation, and replace their 7™'s by ours. 

Lemma 7.3. Suppose M > Al . Then, 

(7.14) P p|limsup£„(i) =1. 

\t>o " / 

Proof of Theorem ] 1 . 51 Choose and fix some M > M . Then follow along 
the proof of Benjami ni et al. (2003| Theorem 1.11), but replace their t by 
one, and the respective applications of their Lemmas 5.3 and 5.4 by our 
Lemmas [731 and [731 □ 

8. Applications to the OU Process on Classical Wiener Space 

Let f3 denote a two-parameter Brownian sheet and consider once more 
the construction 15.21 . In addition, recall from ^5.21 the process {0";u € 
[0, l]}t>o. which can be written in terms of the Brownian sheet f3 as follows: 

(8.1) or = /3(M ' e2t) v t >o,ue [0,1]. 

This proves readily that the process {0*} t >o is an infinite-dimensional 
stationary diffusion on C([0, 1]) whose invariant measure is the Wiener 
measure on C([0, 1]). The process O = {O'} t >o is a fundamental object in 
infinite-dimensional analysis. See, for example, Kuelbs (19731 ,|Malliavi n (1979) , 
and Walsh (1986 . These furnish three diverse theories in each of which O 
plays a central role. 

An interesting artifact of our Theorem ll.4l is that it gives the coin-tosser 
a chance to understand some of this infinite-dimensional theory. For ex- 
ample, note that for any fixed u > 0, the process {O"} t >o is an ordinary 
one-dimensional Ornstein-Uhlenbeck process. Therefore, Corollary 11.31 
can be stated, equivalently, as follows: 
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Corollary 8. 1 . Let E and H be as in Theorem ] 1.21 Then there exists a finite 
constant 4&2l > 1 such that for all z > 1 and u > 0, 

(8 - 2) (?) *(*) ^ p {™p°" ^ z }^ 4E2F B (?) *(*)• 

Similarly, the methods of this paper yield the following. We omit the 
details. 

Corollary 8.2. If E and H are as in Theorem\2j\ 

suplimsup [O" - H(u)y/u\ > 9 H (E) = +oo 

t^E u-^oo 

dim^, |t G [0, 1] : limsup [O t n - H(u)yfu\ > j = min ~ 5 ( H ) ; ^ _ 

This is a multi-fractal extension of the main result of Mountford (1992 1 
and extends some of the latter's infinite-dimensional potential theory. The 
results of this section seem to be new. 

9. Concluding Remarks and Open Problems 

The single-most important problem left open here is to remove the nor- 
mality assumption in Theorems 11.11 and 1 1 . 21 For instance, these theorems 
are not known to hold in the most important case where the increments 
are Rademacher variables. 

Problem 9. 1. Do Theorems ] l.ll and \ 1 . 21 hold for all incremental distributions 
v that have mean zero, variance one, and 2 + e moments for some e > 0? 

We suspect the answer is yes, but have no proof in any but the Gaussian 
case. 

As regards our invariance principles, we cannot resolve the following: 
Problem 9.2. Does Theorem fTTBI hold for e = 0? 

We do not have a plausible conjecture in either direction. 

There is a large literature on tails of highly-oscillatory Gaussian random 
fields. See, for instance, |Pickands (1967) and Qu ails and Watana be (1971) ; 
see |Berman ( 1 9921 for a pedagogic account as well as further references. 
In their simplest non-trivial setting, these works seek to find good asymp- 
totic estimates for the tails of the distribution of sup tGE g(t) where g is a 
stationary centered Gaussian random field that satisfies E{|g(0) — g(t)\ 2 } — 
1 + c(l + o(l))|£| Q as \t\ — > 0. The "time-set" E is often an interval or, more 
generally, a hyper-cube. What if E is a fractal set? More generally, one 
can ask: 

Problem 9.3. Do the results of^have analogues for more general Gauss- 
ian random fields? 

There are a number of other interesting a.s. properties of random walks 
one of which is the following due to Chung (19481: Suppose are 
i.i.d., mean-zero variance-one, and £i € L' 6 (¥). Then s n — £i + • ■ ■ + £„ 
satisfies 
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Chung (19481 contains the corresponding integral test. In the context of 
dynamical walks let us state, without proof, the following: If, in addition, 
£1 G £ 4 (P), then 

(9.2) Chung's LIL is dynamically stable. 
That is, with probability one, 

(9.3) liminf max fiM =4= V * > 0. 

n^oo l<j<n ^J n j l n l nTl V8 

Problem 9.4. What can one say about the set of times t e [0, 1] at which 
{Sn(t)}%Li is below ^/n/H(n) infinitely often? 

This is related to finding sharp estimates for the "lower tail" of maxi<j-<„ 
At this point, we have only partial results along these directions. For in- 
stance, when v is standard normal, we can prove the existence of a con- 
stant A such that for all compact E C [0, 1], 

e^ 2 /(84) f 1 Ae 7 * 2 /^ 

(9.4) , 2 < P \ inf max \S 3 (t)\ < e nV ^ \ < g , 

Ae 2 n \te[o,i\ i<j<n JWI J 4 

for any (0, l)-valued {sn}™^ that tends to zero and liminf n ne^ > 7r/V2. The 
solution to the preceding problem would require, invariably, a tightening 
of this bound. In a companion article I K hoshnevisan et al. , 2004al we 
prove that the right-hand side of 19.41 is tight for the continuum-limit 
of dynamical walks. The said theorem uses a second-order eigenvalue 
estimate of Lifshi ts and Shi (2 003 1 which is not yet available in the context 
of dynamical random walks. Thus it is natural to end the paper with the 
following open problem. 

Problem 9.5. Is the right-hand side of 19.41 is sharp up to a multiplicative 
constant? 
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